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Linear Constant-Coefficient Difference

Equations

A linear, constant-coefficient difference equation (LCCDE)
is a system of the form:

apy[n]+aryn—1]+- - -+anyln—N] = boz[n|+biz[n—1]+ - -+bpsz[n—M].

Or, equivalently:

N M
g apy[n — k] = g brx[n — k|
k=0 k=0
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z=Transform of LCCDE

N
LCCDE: Zakyn— Zbkxn—
k=0
= Z {Zaky[n — kr]} =Z {Zbkx[n— k:]}
k=0 k=0
N M
= > aZ{yln -k} = Z{x[n -k} linearity
k=0 k=0
N M
= Z arz *Y () = Z bz * X (2) time shift
k=0 k=0
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Rational Transfer Functions

General form of LCCDE transfer function:

- Y (2) _ ZkM:o bz "
X(2) Sy apk

This is a rational function:
Numerator and denominator are both polynomials in !
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Roots of Polynomials

Theorem (Fundamental Theorem of Algebra (FTOA))
A complex polynomial of degree k,

f(2) =ag+arz + a2 +--- + ar_12"1 + ap2",

can be factored as

f(z) =an(z —r1)(z —12) -+ (2 — 71),

with complex roots, r; € C, fori =1,2,... k.

¢ Roots are the points where f(r;) = 0.

¢ A root may be repeated multiple times. The number of
times is the multiplicity of the root.
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Poles and Zeros

Again, LCCDE transfer function looks like

= X S

Multiplying the numerator and denominator by 2™ 2V gives
polynomials in z:

H( MANSM bR N SIM Mk
z) = = :
MNSN Capzk MY g Nk
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Poles and Zeros

Starting with H(z) as a rational polynomial in z:

N \~M M—k
Dy

= MYy arzN R

Applying the FTOA, we can factor the numerator and
denominator:

o= () Btimis

The ¢, are zeros of H(z) (roots of the numerator).
The dy, are poles of H(z) (roots of the denominator).
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Pole-Zero Plots

Place ‘0’ at zeros and X’ at poles:

Pole-Zero Plot of FFCF Pole-Zero Plot of FBCF
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Review: Region of Convergence (ROC)

ROC is an annulus:

0<rgp<|z]<r, <o

[ rg. right-side radius

when r < rg.

Yoo o lz[n]|r~™ diverges

\.

r

rr. left-side radius

-1
D oo

when r > rp.

|z[n]|r~™ diverges
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ROC and Poles

Rules for the ROC and Poles:
©® The ROC cannot contain any poles.

® A left-sided sequence will satisfy |z| < r;, where r, is the
smallest magnitude of a pole.

© A right-sided sequence will satisfy |z| > rg, where ry is the
largest magnitude of a pole.

O A sequence that is neither left- or right-sided will be an
annulus satisfying rr < |z| < r., where rr and r;, are
magnitudes of two poles.
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Review: Causal Systems

Definition

A system is said to be causal if, for any n, € Z, T{z[no]}
depends only on previous values of z[n], for n < ng

A causal system cannot “look into the future.”

If 2[n] = y[n] for all n < ng, then T{z[n]} = T{y[n]} for all n < ny.

Digital Signal Processing Poles and Zeros of the z-Transform October 16, 2025 11/17



Review: Causality of LTI Systems

An LTI system is causal if and only if its impulse response
function, h[n], satisfies hin] = 0 for alln < 0.

Sketchy proof.
Our LTI system output evaluated for some ny is:

[e.9]

(h*x)[nol = > hlk|z[ng — k]

k=—o0

This will avoid using z[n] for n > ny if and only if A[k] = 0 when
no — k > ng. Thatis, when k& < 0.
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Causality from the z-Transform

An LTI system is causal if and only if its impulse response, h[n],
is right-sided. So, we have:

Theorem (Causal ROC)

A causal LTI system will have ROC |z| > rg, where rg is the
largest magnitude of a pole.

Digital Signal Processing Poles and Zeros of the z-Transform October 16, 2025 13/17



Review: BIBO Stability

Definition

A signal, z[n], is bounded if |z[n]| < B for some B < oo and for
alln e Z

Definition

A system, T{-}, is said to be bounded-input, bounded-output
(BIBO) stable if for every bounded input z[n], the resulting
output 7{z[n|} is also bounded.
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Review: BIBO Stability of LTI Systems

Theorem

An LTI system is BIBO stable if and only if its impulse response,
hin], is absolutely summable:
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Stability from z-Transform

An LTI system is BIBO stable if and only if the ROC of its
z-transform contains the unit circle.

Proof:
ROC condition on unit circle (|z| = 1) is same as BIBO:

ROC: ) |h[n)z™"| <

BIBO: ) |h[n]| <
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Stable and Causal LTI Systems

For an LTI system to be both causal and stable, all of its poles
must lie inside the unit circle, and the ROC is right-sided.
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