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Review: Linear Regression

Model the data as a line:
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yi = α + βxi + εi

α : intercept
β : slope
εi : error



Reminder: Centering Data

Means:

x̄ =
1
n

n∑
i=1

xi ȳ =
1
n

n∑
i=1

yi

Centered data:

ỹi = yi − ȳ

x̃i = xi − x̄



Review: Least Squares

Goal: minimize sum-of-squared error:

SSE(α, β) =
n∑

i=1

ε2
i =

n∑
i=1

(yi − α− βxi)
2

Solution:

β̂ =
〈x̃, ỹ〉
‖x̃‖2

α̂ = ȳ− β̂x̄



Review: Linear Regression as Projection
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β̂ =
〈x̃, ỹ〉
‖x̃‖2



Correlation vs. Regression Slope

Correlation:

corr(x, y) =
〈x̃, ỹ〉
‖x̃‖‖ỹ‖

= cos θ

Regression Slope:

β̂ =
〈x̃, ỹ〉
‖x̃‖2 = corr(x, y)

‖ỹ‖
‖x̃‖



R2 Statistic

R2 statistic gives the proportion of explained variance:

R2 =
explained variance in y

total variance of y

= 1− unexplained variance in y
total variance of y

R2 = 1− var(ε)
var(y)

= 1− ‖ε‖
2

‖ỹ‖2

Range: R2 is always between 0 and 1



Data Tables

Row: individual data point
Column: particular dimension or feature



Matrices

A matrix is an n× d array of real numbers:

X =


x11 x12 · · · x1d
x21 x22 · · · x2d
...

...
xn1 xn2 · · · xnd


Notation: X ∈ Rn×d

A data matrix is n data points, each with d features



Row and Column Vectors

Given an n× d matrix

A =


a11 a12 · · · a1d
a21 a22 · · · a2d

...
...

an1 an2 · · · and


Row vectors: ai• =

(
ai1 ai2 · · · aid

)
Column vectors: a•j =


a1j
a2j
...

anj





Matrix Addition

We can add two matrices of the same size: A,B ∈ Rn×d

A + B =


a11 a12 · · · a1d

a21 a22 · · · a2d
...

...
an1 an2 · · · and

+


b11 b12 · · · b1d

b21 b22 · · · b2d
...

...
bn1 bn2 · · · bnd



=


a11 + b11 a12 + b12 · · · a1d + b1d

a21 + b12 a22 + b22 · · · a2d + b2d
...

...
an1 + bn1 an2 + bn2 · · · and + bnd





Matrix-Scalar Multiplication

We can multiply a matrix X ∈ Rn×d by a scalar s ∈ R:

sA = s


a11 a12 · · · a1d

a21 a22 · · · a2d
...

...
an1 an2 · · · and

 =


sa11 sa12 · · · sa1d

sa21 sa22 · · · sa2d
...

...
san1 san2 · · · sand





Matrix-Vector Multiplication
We can multiply an n× d matrix A with a d-vector v:

Av =

a11 a12 · · · a1d

a21 a22 · · · a2d
...

...
an1 an2 · · · and


v1

v2
...

vd

 =


∑d

j=1 a1jvj∑d
j=1 a2jvj

...∑d
j=1 anjvj


The result is an n-vector.

Each entry is a dot product between a row of A and v:

Av =


〈a1•, v〉
〈a2•, v〉

...
〈an•, v〉





Matrices as Transformations

Consider a 2D matrix and coordinate vectors in R2:

A =

(
a11 a12
a21 a22

)
, v1 =

(
1
0

)
, v2 =

(
0
1

)
Then Av1 and Av2 result in the columns of A:

Av1 =

(
a11
a21

)
, Av2 =

(
a12
a22

)

v

v1

2

Av1

Av2



Linearity of Matrix Multiplication

Given a matrix A ∈ Rn×d, vectors v,w ∈ Rd, and
scalars s, t ∈ R:

A(sv + tw) = sAv + tAw



Matrix-Matrix Multiplication

Given matrices A ∈ Rm×d and B ∈ Rd×n,
their product is:

(AB)ij =
d∑

k=1

aikbkj

Or, using dot products:

(AB)ij = 〈ai•, b•j〉

Note: A column dimension = B row dimension
Note: resulting product AB is m× n



Identity Matrix
The identity matrix, denoted I ∈ Rd×d, is 1 on the
diagonal and 0 off the diagonal:

I =


1 0 · · · 0
0 1 · · · 0
...

...
...

0 0 · · · 1


Multiplication by identity doesn’t change the other matrix:

AI = A, or IB = B, for any A ∈ Rn×d,B ∈ Rd×n

Same thing for vectors:

Iv = v, for any v ∈ Rd



Multilinear Regression

What if xi has two features (xi1, xi2)?

yi = xi1β1 + xi2β2 + εi

Written as matrix-vector multiplication:
y1
y2
...

yn

 =


x11 x12
x21 x22
...

...
xn1 xn2

(β1
β2

)
+


ε1
ε2
...
εn


Or, in matrix notation:

y = Xβ + ε



Multilinear Regression: d features

What if xi has d features (xi1, xi2, . . . , xid)?

yi = xi1β1 + xi2β2 + · · ·+ xidβd + εi

Written as matrix-vector multiplication:
y1
y2
...

yn

 =


x11 x12 · · · x1d
x21 x22 · · · x2d
...

...
...

xn1 xn2 · · · xnd



β1
β2
...
βd

+


ε1
ε2
...
εn


Or, in matrix notation:

y = Xβ + ε



Multilinear Regression: Adding an Intercept

Use β1 for the intercept:

yi = β1 + xi2β2 + · · ·+ xidβd + εi

First column of X is ones:
y1
y2
...

yn

 =


1 x12 · · · x1d
1 x22 · · · x2d
...

...
...

1 xn2 · · · xnd



β1
β2
...
βd

+


ε1
ε2
...
εn


Or, in matrix notation:

y = Xβ + ε



Matrix Inverse

Given a square matrix A ∈ Rd×d, it’s inverse is a matrix
A−1 such that:

A−1A = AA−1 = I

The inverse exists if and only if A has linearly
independent columns.



Transpose

The transpose of a matrix A ∈ Rn×d is a matrix
AT ∈ Rd×n that “flips” row and column indices:

(AT)ij = Aji

Note: we can do inner products with transpose:

〈v,w〉 = vTw



Least Squares Problem

Regression equation:

y = Xβ + ε

Minimize the sum-of-squared error:

SSE(β) = ‖ε‖2

= ‖y− Xβ‖2

= (y− Xβ)T(y− Xβ)



LS Solution

Derivative:

∂

∂β
SSE(β) = −XT(y− Xβ) = −XTy + XTXβ

XTXβ = XTy set derivative to zero

(XTX)−1(XTX)β = (XTX)−1XTy multiply by (XTX)−1

β̂ = (XTX)−1XTy solve for β


